Abstract. The classical Bott-Samelson theorem states that if on a Riemannian manifold all geodesics issuing from a certain point return to this point, then the universal cover of the manifold has the cohomology ring of a compact rank one symmetric space. This result on geodesic flows has been generalized to Reeb flows and partially to positive Legendrian isotopies by FrauenfelderLabrousse-Schlenk. We prove the full theorem for positive Legendrian isotopies.
Introduction and result
The spherization S * Q of a manifold Q is the space of positive line elements in the cotangent bundle T * Q. The tautological one-form λ on T * Q does not pass to the quotient, but its kernel does. This endows S * Q with a cooriented contact structure ξ.
Let j t : L → S * Q be a smooth family of embeddings such that j t (L) is a Legendrian submanifold of S * Q for all t. Then L t = j t (L) is called a Legendrian isotopy. If α( d dt j t (x)) > 0 for one and hence any coorientation preserving contact form α for ξ and all x ∈ L, then L t is called positive. Frauenfelder-LabrousseSchlenk proved the following Theorem. Theorem 1. [6, Theorem 2.13] Let Q be a closed connected manifold of dimension ≥ 2. Suppose there exists a positive Legendrian isotopy L t in the spherization S * Q that connects the fiber over a point with itself, i.e. L 0 = L 1 = S * q Q. Then the fundamental group of Q is finite and the integral cohomology ring of the universal cover of Q is generated by one element.
We note that by a deep result in algebraic topology, a manifold with integral cohomology ring generated by one element is homotopy equivalent to S n , RP n or CP n or has the integral cohomology ring of HP n or the Cayley plane, see [2] and the references therein.
In this paper we prove the following addition to Theorem 1, which was conjectured in [6] .
Theorem 2.
Under the assumptions of Theorem 1, if furthermore L t ∩ L 0 = ∅ for 0 < t < 1, then Q is simply connected or homotopy equivalent to RP n .
The union of these two theorems is the complete generalization of the classical Bott-Samelson theorem from geodesic flows to positive Legendrian isotopies.
The first versions of the Bott-Samelson theorem were for geodesic flows and used Morse theory of the energy functional on the based loop space, see [3] , [12] and [2] .
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Frauenfelder, Labrousse and Schlenk [6] proved versions of Theorem 1 and 2 for autonomous Reeb flows, using Rabinowitz-Floer homology. They also proved Theorem 1 using Rabinowitz-Floer homology for positive Legendrian isotopies as stated above. The puzzle piece missing in [6] to generalize Theorem 2 from autonomous Reeb flows to positive Legendrian isotopies is the fact that the action functional in the construction is Morse-Bott. We provide this in Lemma 3.2, and thus complete the proof in [6] . The key ingredient is the choice of Hamiltonian, which is elaborated in Lemma 2.1. We cannot avoid the Hamiltonian to be time-dependent, but we can control the time-dependence along the Legendrian isotopy. At critical points, the resulting action functional then behaves like in the autonomous case. This paper is heavily based on [6] , which also contains an extensive introduction to the topic.
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Recollections
The Rabinowitz-Floer homology we use depends on a time-dependent Reeb flow, not on a Legendrian isotopy. We first explain how we choose such a flow that restricts to a given Legendrian isotopy. Then we briefly present the version of Rabinowitz-Floer homology we use and discuss its properties. We only sketch the proofs, since they are contained in or are analguous to proofs in [1, 4, 5, 6] . For a general exposition of Morse-Bott homology we refer the reader to the Appendix of [8] .
The choice of flow. Let j t : L ֒→ M, t ∈ [0, 1], be a positive Legendrian isotopy in a cooriented exact contact manifold (M, α). We denote L t = j t (L). By the Legendrian isotopy extension theorem, see for example [9, Theorem 2.6.2], there exists a positive contact isotopy [6, Proposition 6.2] . This isotopy is generated by a contact Hamiltonian h t that is a convex combination of the contact Hamiltonian of ψ t and the one of the Reeb flow ψ t R (namely h ≡ 1), such that for t near 0 or 1, ϕ t coincides with ψ
then there exists a positive and twisted periodic (that is
Lemma 2.1. Given a periodic Legendrian isotopy L t that is the restriction of the Reeb flow generated by the contact Hamiltonian h ≡ 1 for t near 0 and 1 (as given by [6, Proposition 6.2]), then the corresponding twisted periodic positive contact isotopy ϕ t can be chosen such that the time-dependent contact Hamiltonian h t that generates ϕ t satisfiesḣ t = 0 along L t .
Proof. The construction of hdefine the 1-jet of h t along L t as follows.
Any Hamiltonian h t that satisfies the first two equations generates a vector field
(Here we differ from [9] where the choice
We extend h t to a neighbourhood of L t by identifying a neighbourhood of L t with the normal bundle N L t → L t and choosing h t linear on each fiber.
Finally we extend h t to a positive function that is constant 1 outside a neighbourhood of L t . Since the Legendrian isotopy is the restriction of the Reeb flow generated by h ≡ 1 for t near 0 and 1, the function h t thus constructed satisfies h t ≡ 1 for t near 0 and 1, and admits a 1-periodic extension.
The spherization (S * Q, ξ) of a manifold Q is represented by any fiberwise starshaped hypersurface Σ ⊂ T * Q in the cotangent bundle with contact structure ker λ| Σ . The map that sends a positive line element to its intersection with Σ is a contactormorphism. The radial dilation of a fiberwise starshaped hypersurface by a positive function is a contactomorphism onto its image. Every cooriented contact form of (S * Q, ξ) is realized as λ| Σ for some fiberwise starshaped hypersurface Σ. We choose a Riemannian metric g on Q and represent S * Q henceforth as the unit cosphere bundle with respect to this metric. With α = λ| Σ , the sym-
Σ is generated by the contact Hamiltonian h t , then ϕ t is generated by the Hamiltonian H t = rh t .
The functional. Let h t be a positive, periodic contact Hamiltonian on (Σ, ker λ). Following [1] we choose a lift of the contact isotopy ϕ t of Σ generated by h t to the symplectization (Σ × R >0 , d(rα)), depending on parameters κ ≥ 2, R ≥ 2 and constants c, C such that uniformly 0 < c < hinduces reparametrized g-geodesic flows for r ∈ (0, 1] ∪ [κR, ∞), and a lift of the
This functional depends of course on h t , but also on the parameters κ, R and the constants c, C. A pair (x, η) is a critical point of A if and only ifẋ = ηX H ηt and
as one sees by using that ηX H ηt -chords satisfy
and by integration by parts. Note that the factor 1 κ does not change the critical point equations (2.4), but only the critical values. In fact, Lemma 2.3 below shows that this factor normalizes the action for critical points in such a way that the action spectrum is independent of κ.
Remark 2.2. For autonomous Hamiltonians H t = H the second equation of (2.4) becomes H(x(t)) = 0 ∀ t ∈ [0, 1]. Thus the critical points are flow lines on the hypersurface H −1 (0). This hypersurface is not well-defined for time-dependent Reeb flows and H ηt (x(t)) might be very large for t = 1. We deal with this defect through the parameters κ, R. Intuitively speaking, the parameters create safe space (κ towards the zero section, and R towards infinity), where critical orbits are free to roam. This is made precise in the next lemma from The index. The index of a critical point c = (x, η) of f on Crit A is defined as follows. Let T T * q Q be the vertical Lagrangian distribution. Denote by µ RS (x, η) the Robbin-Salamon index of the path d(ϕ ηt ) −1 (T T * x(t) Q) with respect to T T * x(0) Q, and by µ M the Morse index of f on Crit A, see [11] . Then the index of c is defined as
where the shift by − n−1 2 is introduced such that the index µ agrees with the Morse index for geodesic Hamiltonians. Denote by RFC >0 * (A) the chain groups graded by the index µ.
The differential. For the differential, we choose an ω-compatible almost complex structure J = J t,η on T * Q that satisfies the following properties for r
• J is independent of t, η, • J maps r∂ r to X 1 2 r 2 and preserves ker λ| {r=const} , • J is invariant under the Liouville flow (y, r) → (y, e t r), t ∈ R.
Define the L 2 -metric RFH >0 * (A g ) ∼ = HM >0 * (E). Since HM >0 * (E) is isomorphic to the homology H * (Ω q , q; Z 2 ) relative the constant loop, we obtain
Proof of Theorem 2
Recall that Theorem 1 is shown in [6] . In this section we prove Theorem 2, using the results that are already established in Theorem 1. The main step is to show that in this situation the action functional is Morse-Bott. Theorem 2 then follows exactly as in [6] .
Remark 3.1. Let (x, η) be a critical point of A for κ, R, c, C as in Lemma 2.3 and h t as in Lemma 2.1. Then along x we have H t = H t = rh t −κ, and hence ηḢ ηt (x(t)) = 0. Since
ηt (x(t)) = ηḢ ηt (x(t)) we thus have H ηt (x(t)) = 0 for all t and A(x, η) = η. In this sense the choice made in Lemma 2.1 is designed such that the functional that arises from the situation of Theorem 2 behaves at critical points as in the autonomous case.
Lemma 3.2. In the situation of Theorem 2 and for h t chosen as in Lemma 2.1, the action functional A defined above is Morse-Bott at the critical sets with positive action, the components of the critical manifold being diffeomorphic to S * q Q×{k}, k ∈ N.
Proof. A diffeomorphism from the critical manifolds to S * q Q × {k} is given by mapping critical points (x, k) ∈ Ω q Q × R to (x(1), k) ∈ T * q Q × {k}. Since h t is constant 1 for t near k ∈ N and by the equations (2.4), the image of this map is {(q, p) ∈ T * Q | |p| g = 1} × {k} ∼ = S * q Q × {k}. The functional A is Morse-Bott if the kernel of the Hessian HA is exactly the tangent space of the critical manifold. The inclusion T Crit A ⊆ ker HA is obvious, we will show the converse. A tangent vector to x ∈ Ω q Q is a sectionx of the pullback bundle x * T T * Q. Assume that (x,η) ∈ ker H(A). Sincex ∈ T Ω q Q, the endpoints ofx are in the vertical subbundle,x(i) ∈ T x(i) T * q Q ⊆ ker λ, for i = 0, 1. We will compute HA((x,η), (x,η)) where (x,η) is another vector based at (x, η). Assume for the moment that x lies in a single Darboux chart and that in local coordinates we have x = (q, p) andx = (q,p). As a preparation we compute
where the last equality holds because the endpoints ofx lie in the vertical subbundle and thusq(i) = 0 for i = 0, 1. If x does not lie in a single chart, the same follows after finitely many coordinate changes. Similarly we compute
where the last equality holds because the endpoints ofx andx lie in the vertical subbundle which is a Lagrangian. Using these preparations we can now compute
Thus (x,η) lies in ker HA if and only if the following equations are satisfied.
We translate these equations to the fixed vector space T x(0) T * Q by pulling back along ϕ ηt : Define
where we abbreviated ϕ ηt to ϕ for better readability. Since ϕ is a symplectomorphism, Dϕ
Integrating equation (3.3) , we obtain
Since H ηt is (after addition of the constant κ) 1-homogeneous in the fibers near Crit A, the flow ϕ ηt commutes with dilations by a factor close to 1. Thus also ϕ * H ηt is (after addition of κ) 1-homogeneous, thus ϕ * Ḣ ηt is 1-homogeneous and so near Crit A, X ϕ * Ḣηt is a lift of the contact Hamiltonian vector field X ϕ * ḣηt on the spherization S * Q. For h t chosen as in Lemma 2.1, we have ϕ * ḣηt = 0. Thus X ϕ * ḣηt lies in the contact structure, X ϕ * ḣηt ∈ ker λ| S * Q , and thus X ϕ * Ḣηt ∈ ker λ| S * Q ⊕ ∂ r = ker λ. By the geometric setup of the theorem, Dϕ −1 T x(1) T * q Q = T x(0) T * q Q, so withx(i) also the endpoints of v lie in the vertical subbundle, v(i) ∈ T x(0) T * q Q ⊆ ker λ. Thus we conclude thatη 1 0 X ϕ * H ηt dt ∈ ker λ. But X ϕ * H ηt ⋔ + ker λ for all t since h ηt is positive, and thus 1 0 X ϕ * H ηt dt ⋔ + ker λ. We conclude thatη = 0 and with (3. 3) that v is constant.
Recall that our task is to show that (x,η) = (x, 0) ∈ T Crit A, and recall from (2.4) 
Thus,
as claimed.
Before we can continue we need two observations about the index. Since the components of Crit A are spheres S * q Q × {k}, the Morse function f on Crit A can be chosen with exactly two critical points c Lemma 3.3. The Robbin-Salamon index of (x(t), k) ∈ Crit A depends only on k and is equal to kµ 0 for some constant µ 0 ≥ 1.
Proof. The proof goes exactly as in [6, Section 5.2] and uses Rabinowitz-Floer homology over Z coefficients, which is developed in [6] to prove Theorem 1. We repeat the argument without developing the theory over Z coefficients and refer the interested reader to [6] . Note that the change of coefficients changes neither the critical point equation nor the index.
The subset of Crit A with η = k is a sphere and thus connected. Let (x 0 , k), (x 1 , k) be two critical points of A and (x s , k) be a path in Crit A connecting them. Identify the vector spaces T xs(0) T * Q in such a way that T T *
is a homotopy with parameter s with constant endpoints of paths with parameter t of Lagrangian subspaces. Thus the two paths
are stratum homotopic in the sense of [11] and thus µ RS (x 0 , k) = µ RS (x 1 , k). We conclude that the Robbin-Salamon index only depends on k. Since every ϕ kt flow line is the k-fold concatenation of ϕ t flow lines, µ RS (ϕ kt x(0), k) = kµ RS (ϕ t x(0), 1) =: kµ 0 by the concatenation property of the Robbin-Salamon index.
Assume that µ 0 ≤ 0. Since the signatures of c
(in particular bounded), there exists a k 0 such that µ(c) < k 0 ∀c ∈ Crit A. Thus for k ≥ k 0 we have by deformation of A to a geodesic functional A g , and by the Z-version of Lemma 2.5 (also contained in [10] 
and thus also H k (Ω q Q; Z) ∼ = 0. Thus for all k ≥ k 0 + 1 and F = Z p for any prime number p or F = Q we have H * (Ω q Q, q; F) ∼ = 0. By [13, Proposition 10] this implies H k ( Q, F) ∼ = 0 for all k ≥ 1 and for all F = Z p or Q and thus Q is contractible. Since dim Q ≥ 2 and Q is closed, we must have |π 1 (Q)| = ∞ which contradicts Theorem 1.
With this our main theorem follows exactly as in [6] . We repeat the proof for the convenience of the reader.
Proof of Theorem 2. The chain group RFC >0 * (A) of the Rabinowitz-Floer homology is generated by the critical points c
Hence there is one critical point of index zero if µ 0 is a divisor of (d − 1) and no critical point of index zero otherwise. Hence after a deformation to the functional A g of a geodesic flow, with Lemma 2.5 and the reduced long exact Z 2 -homology sequence of the pair (Ω q Q, q) we find that
is 0 or Z 2 , thus π 1 (Q) is 0 or Z 2 . In the first case we are done, so assume the second case. By Theorem 1, Q is a closed manifold such that H * ( Q; Z 2 ) is generated by one element. Then by [7, Corollary 3.8] , Q is either homotopy equivalent to RP d , or Q is homotopy equivalent to CP 2n+1 . In the former case we are done, so assume the latter.
We denote dim(CP 2n+1 ) = 2(2n + 1) = d. Assume first that µ 0 ≥ 2, then µ(c Since Ω q Q is homotopy equivalent to the disjoint union of two copies of Ω q CP 2n+1 ,
In particular Z 2 ⊕ Z 2 ∼ = H 2d (Ω q Q; Z 2 ) ∼ = H 2d (Ω q Q; Z 2 ) ∼ = RFH 
